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Abstract
Let A ⊆ Z2 be a 1nite set of lattice points and let |A| = n. We prove that if A does
not contain any three collinear points, then |A ± A|n(log n). Here  can be every positive
absolute constant ¡ 18 . This lower bound provides an answer to an old question of Freiman.
Some further related questions on non-averaging sets of integers are posed and discussed.
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1. Introduction
Throughout this paper we use the following notations. Z denotes the rational integers
and N the non-negative elements of Z. Let R2 be the two-dimensional plane and Z2 the
additive group of integral vectors in R2. If M is a 1nite set, the number of its elements
will be denoted by |M |. We denote by M+N the algebraic sum of two 1nite sets M;N .
We call 2M =M+M the sum set of M and M−M =M+(−M) is the di%erence set of
M . For x∈Z, we write M+x for the set {m+x: m∈M} and we put rM =M+(r−1)M
for r=2; 3; : : : : By arithmetic progression of k-terms in a torsion-free Abelian group
G, we understand a set of the form {a+tv | t=0; 1; : : : ; k−1}, where v =0 and a; v∈G.
The constant c implied by a statement f(n)g(n), or alternatively f(n)=O(g(n)), will
be absolute and positive, unless otherwise stated. When the constant c is not absolute,
the implicit parameters will be indicated in the text.
In this paper we consider two problems in combinatorial additive number theory.
∗ Corresponding author. Present address: School of Mathematical Sciences, Tel Aviv University 69978
Ramat Aviv, Tel Aviv, Israel.
E-mail address: ionut@post.tau.ac.il (Y.V. Stanchescu).
0012-365X/02/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S 0012 -365X(01)00441 -1
388 Y.V. Stanchescu /Discrete Mathematics 256 (2002) 387–395
1.1. Sums of 6nite sets
Let K be a 1nite set of a torsion-free Abelian group of cardinality k. Then K satis1es
|K + K |¿2k − 1 (1.1)
and equality |K + K |=2k − 1 implies that K is an arithmetic progression.
Inequality (1.1) can be improved, if we assume additional information on K . Let us
present now a short (and incomplete) list of results; see also [6] for a basic reference.
(a) Let K = {0= a1¡ · · ·¡ak} be a set of coprime integers, then |K +K |¿3k − 3,
if ak¿2k − 2.
(b) Assuming that K ⊆Rn is a d-dimensional set, then |K±K |¿(d+1)k− 12d(d+1),
that is |K ± K |¿(d+ 1− )|K |, for suIciently large d-dimensional sets.
(c) For “typical” d-dimensional sets K ⊆Rd one has |K + K |¿2d|K |. A “typical”
set in Rd is a 1nite set K such there is no (d− 1)-hyperplane L with |K ∩L||K |.
(d) If |K + K |6c|K |, for a given constant c, then K is a “large subset” of a
generalized arithmetic progression. As a corollary, if a given set A⊆Z has no “good”
covering by a generalized arithmetic progression, then we obtain a non-trivial lower
bound for |A+ A|.
(e) Assuming that a 1nite set K ⊆Z contains no three-terms arithmetic progression,
then |K + K |k(log k)c, where c is a positive constant not depending on K .
(f) For every 1nite set K = {b1¡ · · ·¡bk}⊆R which satis1es the convexity condi-
tion bi+1 − bi¿bi − bi−1 one has |K + K |k3=2.
Theorem (a) is a well-known result of Freiman [8, p. 11]; for an important general-
ization to several summands, see [12]. The two inequalities stated in (b) were proved
in [8,10], respectively. Ruzsa [17] obtained an analogue of this result for sum of dis-
tinct sets; see also [18,19] for the exact lower bound for three-dimensional sets and
for the structure of d-dimensional sets having the smallest cardinality of the sumset,
respectively. The “2d-theorem” stated in (c) is a deep result of Freiman [8]; for vari-
ous proofs, see [3, Section 5] and [13, Chapter 5]. (d) is the fundamental theorem of
Freiman [8,9] on addition of 1nite sets. For a proof close to Freiman’s original, see
Bilu [3], where the case when c is a slowly growing function of |K | is studied. A new
and simpler proof, together with an important generalization to the case of diNerent
summands, was given by Ruzsa [16]. An exposition of Ruzsa’s proof can also be found
in Nathanson’s textbook [13]. The remarkable results of (e) and (f) were obtained by
Ruzsa [15] and Elekes et al. [7], respectively.
Let A⊆Z2 be a 1nite set, not containing any three collinear points. In [8] Freiman
asked for a lower bound for |A + A|. The result of Section 2 is intended to be a
1rst step in the investigation of this problem; we show that if A is a 1nite set of
lattice points not containing any three-term arithmetic progression, then |A ± A|=|A|
is unbounded, as lim |A|=∞. More precisely,
Theorem 1. Let A⊆Z2 be a 6nite set of n lattice points. If A does not contain any
three collinear points, then there is a positive absolute constant ¿0 such that
|A±A|n(log n): (1.2)
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The constant  can be easily computed from the argument of Section 2, for in-
stance, any positive  smaller than 0.125 will do. Inequality (1.2) is an easy con-
sequence of results in the literature. Our short proof of Theorem 1 combines results
of Ruzsa [15] about the sumset of non-averaging sets of integers with the funda-
mental concept of isomorphism of Freiman [8]. The exponent  in (1.2) depends on
estimates of r3(n)—the maximal possible cardinality of a subset of {1; 2; : : : ; n} that
contains no arithmetic progressions of three terms. In fact, we will obtain a more ex-
act inequality, see (2.2) below, valid for sets A⊆Z2 containing no k-terms arithmetic
progressions.
1.2. Non-averaging sets of integers
Very often in combinatorial number theory we want to estimate the density of a
sequence of natural numbers B, assuming that some linear equation does not hold
for B. For example, sum-free sets and Sidon sets, are de1ned by x1 + x2 = x3 and
by x1 + x2 = x3 + x4, respectively. Moreover, we obtain integer sequences containing
no arithmetic progressions, if we consider the equation x1 + x2 = 2x3. We propose the
following:
Denition. Let t¿1 be a 1xed integer. A 1nite set of integers B⊆Z is called a non-
averaging set of order t, if for every 16m; n6t the equation mX1 + nX2 = (m+ n)X3,
have no non-trivial solutions with Xi ∈B; we say that (X1; X2; X3) is a non-trivial
solution, if X1; X2; X3 are distinct elements of B.
Let st(n) be the maximal cardinality of a non-averaging set of order t in-
cluded in the interval {1; 2; : : : ; n}. It is clear that a non-averaging set of order
t=1 is simply an integer set containing no arithmetic progressions and thus
st(n)6s1(n)= r3(n).
The additive properties of sets containing no arithmetic progressions were studied
for the 1rst time in [8, Chapter II.5], where it is proved that lim |A+A|=|A|=∞, as
lim |A|=∞. An eNective version of Freiman result, with a new proof, can be found
in [15]. Ruzsa’s method can be extended to non-averaging sets of order t; in Section 3
we will prove the following result, which incorporates Ruzsa’s theorem as a particular
case
Theorem 2. Assume that |B|= n and B⊆Z is a non-averaging set of order t. We
have
|B±B|¿(16t2)−1=4tn
(
n
st(n)
)1=4t
: (1.3)
Note that for t=1, this turns into |2B|¿ 12 |B|( nr3(n) )1=4, inequality which is Ruzsa’s
estimate for the sumset of 1nite sets of integers containing no arithmetic progressions.
Remark that in Theorem 1 we estimated the sumset for special sets of lattice points
and afterwards, in Theorem 2, the same question was studied for non-averaging sets
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of integers. The relation between these seemingly unrelated problems will be analyzed
in Section 4, where we prove
Theorem 3. Let A⊆Z2 be a 6nite set of lattice points and let |A|= n. Assume that A
does not contain any three collinear points. Then for every positive integer t, we have
|A±A|¿(16t2)−1=4t |A|
(
n
st(n)
)1=4t
: (1.4)
This is a generalization of Theorem 1: put t=1 in (1.4) and apply Bourgain’s
estimate (2.1) for r3(n)= s1(n). In addition, (1.4) opens, at least in principle, the
possibility of obtaining an inequality of the type (1.2) without using estimates of
r3(n). Moreover, one can hope to obtain an upper bound for st(n), better than the
trivial one st(n)6r3(n); this, of course, will lead to a corresponding sharpening of
(1.2). Therefore, let us formulate the following question:
Problem. Suppose that t is a 6xed, positive, but rather large integer. Is it true that
st(n)n=(log n)4t , or at least st(n)n=(log n)c, for a positive absolute constant c¿ 12 ?
As regards a lower bound for st(n), even assuming that t is very large, we cannot
hope to prove an estimate of the type st(n)tn1−0 , with 0 a small positive absolute
constant. Indeed, in Section 5 we prove that the following lower bound for st(n) is true.
Theorem 4. For every t¿1, there is a positive constant ct such that for every n one
has
st(n)¿n exp(−ct
√
log n): (1.5)
As a special case of Theorem 4, observe that for t=1, inequality (1.5) gives
Behrend’s lower bound [2], according to which r3(n)¿n exp(−c
√
log n), for every
n¿1.
We conclude Section 5, by showing that the lower bounds (1.2) and (1.3) are, in a
sense, close to be optimal. More precisely, the next result is true
Theorem 5. (a) There is no 0¿0 such that the inequality |B + B|t |B|1+0 holds
for every non-averaging 6nite set B⊆Z of order t.
(b) There is no 0¿0 such that the inequality |A + A||A|1+0 holds for every
6nite set A⊆Z2 containing no three collinear points.
2. The number of sums for planar sets containing no three collinear points
In this section we prove Theorem 1. Let rk(n) denote the maximal number of in-
tegers that can be selected from the interval [1; n] without including an arithmetic
progression of k-terms. We have r3(n)6r4(n) · · · and we know from SzemerQedi’s theo-
rem [20] that rk(n)= o(n), for every 1xed k¿3. Moreover, the 1rst non-trivial estimate
r3(n)n=(log log n) of Roth [14] may be replaced by inequality r3(n)n=(log n), of
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Heath-Brown [11] (for some small positive constant ). SzemerQedi produced in [21]
an explicit value =0:05 and only very recently Bourgain [5] obtained
r3(n)
n
(log n)1=2
(log log n)1=2: (2.1)
We will use the following result of Ruzsa [15]:
Theorem A. Let B⊆Z be a 6nite set of n integers. If B contains no arithmetic
progression of k-terms, then |B± B|¿ 12n(n=rk(n))1=4.
Let us recall the concept of isomorphism in the sense of Freiman [8]. Let G1 and
G2 be commutative groups, A1⊆G1 and A2⊆G2. We say that a mapping  :A1→A2
is a homomorphism of order r in the sense of Freiman, if for every x1; : : : ; x2r ∈A1,
not necessarily distinct, the equation (i) x1 + · · · + xr = xr+1 + · · · + x2r implies the
equation (ii) (x1)+ · · ·+(xr)=(xr+1)+ · · ·+(x2r). We call  a Fr-isomorphism
if  is invertible and its inverse is a homomorphism as well, that is (i) holds if only
(ii) holds.
Proof of Theorem 1. Let k¿3 be an integer. Suppose that A⊆Z2; |A|= n does not
contain an arithmetic progression of k-terms. We claim that
|A±A|¿1
2
n
(
n
rk(n)
)1=4
: (2.2)
If we choose q∈N large enough the linear map  :Z2→Z de1ned by (x; y)= x+qy
is a F2-isomorphism between A⊆Z2 and B=(A)⊆Z. It follows that B is a 1nite
set of integers containing no k-terms arithmetic progressions (indeed, this property
is preserved by a F2-isomorphism). The cardinality |A ± A| is invariant under F2-
isomorphisms; using Theorem A we get
|A±A|= |B± B|¿1
2
(
n
rk(n)
)1=4
|B|= 1
2
(
n
rk(n)
)1=4
|A|;
in view of |B|= |A|= n. In particular, for k =3, we obtain |A ± A|¿ 12 ( nr3(n) )1=4|A|
n( log nlog log n)
1=8, by estimate (2.1). Theorem 1 is proved, because every set of lattice
points that contains an arithmetic progression of k-terms contains also three collinear
points.
3. Additive properties of non-averaging sets of integers
We now prove Theorem 2. We need the following beautiful result of Ruzsa [15]:
Theorem B. Let A be a set of n integers, r¿2 an integer. There is a set A∗⊆A;
|A∗|¿n=r2, which is Fr-isomorphic to a set of integers included in the interval
[1; 2|rA− rA|].
We use the following simple remark.
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Lemma 1. Let B and C be two Fr-isomorphic sets of integers. If C is a non-averaging
set of order t and if r¿2t, then B is also a non-averaging set of order t.
Proof. Let C be a non-averaging set of order t and let f :B→C be a Fr-isomorphism,
with r¿2t. We claim that B is also a non-averaging set of order t. To the contrary,
suppose that there is a linear equation pX1 + qX2 = (p+ q)X3; 16p; q6t, which has
a non-trivial solution in B. Since f is a Fr-isomorphism with r¿2t¿p+q, it follows
that pf (X1) + qf (X2)= (p + q)f(X3) and this contradicts the non-averaging property
of C.
Proof of Theorem 2. Let B⊆Z be a 1nite non-averaging set of order t. Write |B|= n
and apply Ruzsa’s result with r=2t. We obtain a set of integers
B∗⊆B; |B∗|¿ |B|
r2
; (3.1)
which is Fr-isomorphic to a set T ∗ of integers from the interval J = [1; l], with
l=2|rB − rB|. By Lemma 1, T ∗ is also a non-averaging set of order t, that lies
in the interval J = [1; l]. We claim that
|T ∗|62 l
n
st(n): (3.2)
Indeed, T ∗ is the disjoint union of the sets T ∗i de1ned by T
∗
i =T
∗ ∩ [in+ 1; (i+ 1)n],
for 06i6[ l−1n ]. Remark that the property of being a non-averaging set is invariant
under translations and thus the set (T ∗i − in) is non-averaging of order t and lies in
the interval [1; n]. Therefore, |T ∗i |= |T ∗i − in|6st(n). Hence
|T ∗|6
∑
i
|T ∗i |6
(
1 +
[
l− 1
n
])
st(n)62
l
n
st(n):
Inequality (3.2) is proved. Note that B∗ and T ∗ have the same cardinality
(being isomorphic). By the de1nition of l=2|rB − rB|, it follows from (3.2) that
|B∗|= |T ∗|64|rB− rB|st(n)=n. In view of (3.1) we get
|rB− rB|¿1
4
(
n
st(n)
) |B|
r2
: (3.3)
A well known result of Ruzsa [15, Lemma (3.3)], asserts that |B ± B|¿
|B|1−(1=2r)|rB− rB|1=2r . Using (3.3) it follows
|B±B|¿(4r2)−1=2r
(
n
st(n)
)1=2r
|B|:
The assertion of Theorem 2 is exactly the above inequality in which we put
r=2t.
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4. Planar sets containing no three collinear points and non-averaging sets of integers
Theorem 3 is a simple consequence of Theorem 2. Let A⊆Z2 be a 1nite set
of n lattice points containing no three collinear points. Fix an integer t¿1. For q
large enough, the linear map  :Z2→Z; (x; y)= x + qy, is a Fr-isomorphism,
with r¿2t, between the sets A⊆Z2 and B=(A)⊆Z. It is clear that the linear
equations uP1 + vP2 = (u + v)P3; u; v¿1, have no non-trivial solution in A. But B
is Fr-isomorphic to A and we have r¿2t; therefore B is a non-averaging set of order t.
Using (1.3) we conclude that
|A±A|= |B±B|¿(16t2)−1=4t |B|
(
n
st(n)
)1=4t
= (16t2)−1=4t |A|
(
n
st(n)
)1=4t
:
5. Examples
Let n; t¿1 be natural numbers. In this section we prove Theorems 4 and 5.
A dense non-averaging set of order t. We will show that there is a 1nite non-
averaging set of order t which satis1es C =Cn⊆{1; 2; : : : ; n} and
|C|= |Cn|¿n exp
(
−ct
√
log n
)
; (5.1)
for a positive constant ct =2 log(2t+1)+3, which depends only on t. This is equivalent
to the statement of Theorem 4. We will follow closely Behrend’s method [2].
Let d¿1 be a positive integer. We write any a; 16a6n to the base M =2td+ 1
a= a0 + a1M + a2M 2 + · · ·+ akMk; 06ai¡M
and denote by Sa=(a0; a1; : : : ; ak)∈Zk+1. For every s¿1 denote
A=An;M; s= {a: 16a6n; 06ai6d for all i; ‖ Sa‖2 = s}:
We claim that for all n; t; d; s the set A=An;M; s is a non-averaging set of order
t. Indeed, suppose that a=
∑
i aiM
i; b=
∑
i biM
i; c=
∑
i ciM
i are all in A and
assume pa + qb=(p + q)c, with 16p; q6t. We will show that a= b= c. Since all
ai; bi; ci6d, we get 06pai+qbi6pd+qd62td¡M and also 06(p+q)ci62td¡M .
Therefore, if we assume pa+ qb=(p+ q)c, then
∑
i (pai+ qbi)M
i =
∑
i (p+ q)ciM
i
and this implies pai + qbi =(p+ q)ci, for all 06i6k. It follows that the vectors Sa; Sb
and Sc, which lie on the same sphere of Rk+1, satisfy also p Sa+ qSb=(p+ q) Sc; we get
that a= b= c and thus A is a non-averaging set of integers. The claim is proved.
For given t and d we chose k maximal such Mk6n. This means that
k = [(log n)=(logM)]. The union of the sets An;M; s over all s¿1 contains {a: 16a6n;
06ai6d for all i}, which has a cardinality greater than (d+ 1)k+1 − 1. Remark that
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‖ Sa‖26d2(k + 1), for all a∈A; thus, there at most d2(k + 1) possible values for s.
Consequently, for some s0¿1 we have
st(n)¿|An;M; s0 |¿
(d+ 1)k+1 − 1
d2(k + 1)
¿dk−2:
It is possible to choose d¿1 such that inequality (5.1) is true. Indeed, if d is a nat-
ural number between (exp(
√
log n)− 1)=2t and exp(√log n), then d6 exp(√log n)6
2td+ 1=M . It follows that k6(log n)=(logM)6(log n)=(
√
log n)=
√
log n. We con-
clude the proof by using the inequalities:
d36 exp(3
√
log n); (2t+1)2k=exp(2k log(2t+1))6 exp(2
√
log n log(2t+1))
and
st(n)¿
1
d3
dk+1¿
(2td+ 1)k+1
d3(2t + 1)k+1
=
Mk+1
d3(2t + 1)k+1
¿
n
d3(2t + 1)k+1
¿
n
d3(2t + 1)2k
:
Proof of Theorem 5a. We apply Theorem 4. Choose a 1nite non-averaging set of order
t; Cn⊆ [1; n] such that inequality (5.1) is true. Using Cn+Cn⊆ [1; 2n], we get that Cn
has the doubling |Cn + Cn|62n. It is not diIcult to show that this upper bound for
|Cn+Cn| and inequality (5.1) contradict any inequality of the type |Cn+Cn|t |Cn|1+0 .
Part (a) of Theorem 5 is proved.
Proof of Theorem 5b. We use Bosznay’s version [4] of Behrend’s method. This con-
sists in projecting on a plane a paraboloid rather than a sphere. The result is essentially
the same, but the calculations are simpler.
Let R and d be positive integers. We claim that there is a 1nite set of lattice points
B0⊆Zd+1 such that (i) |B0|=Rd, (ii) |B0 + B0|62R24d|B0| and (iii) B0 contains no
three points on a line. De1ne B0 = {(x1; x2; : : : ; xd; x21 +x22 + · · ·+x2d): 16xj6R; xj ∈Z}.
This is a set of Rd lattice points, no three on a line and the sumset satis1es
|B0 + B0|6(2R)dd(2R2)= 2d|B0|2dR262R24d|B0|. We conclude that B0 satis1es
(i)–(iii). De1ne the linear map P=PM :Zd+1→Z2 by
P(Sx)= (a1x1 + · · ·+ ad+1xd+1; x1 + x2M + · · ·+ xd+1Md);
for every vector Sx=(x1; : : : ; xd+1)∈Zd+1. Choose Sa=(a1; : : : ; ad+1)∈Zd+1 such that
a1x1 + · · ·+ ad+1xd+1 =0 for every Sx∈ (B0 − B0); Sx =0. Take a big natural number M
(which may depend on the 1nite set B0) such that the image A0 =P(B0)⊆Z2 satis1es:
(iv) A0 is F2-isomorphic to B0 and (v) A0 contains no three points on a line.
This shows that |A0|= |B0|=Rd and |A0 + A0|= |B0 + B0|62R24d|A0|. Let n¿1
and select the parameters R and d such R= exp(
√
log n) and d=
√
log n. We obtain
|A0|¿n and |A0 + A0|62 exp(2
√
log n)4
√
log n|A0|62 exp(4
√
log n)|A0|. It is clear
now that an inequality of the type |A + A||A|1+0 cannot hold for every 1nite set
A⊆Z2 containing no three collinear points. Theorem 5 is proved.
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